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Abst rac t - -The  interaction of an acoustic wave and a clamped elastic panel is considered. Using 
the fact that the ratio of the acoustic sound speed in the fluid to the surface wave speed in the panel 
is small, we are able to derive by a systematic asymptotic analysis an on surface boundary condition 
for this scattering problem. 
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1. FORMULATION OF THE PROBLEM 
In order to study the interaction of an acoustic wave and an elastic panel, one needs to determine 
both the scattered field above and below the panel plus the dynamics of the panel. Hence, the 
partial differential equations for the three-dimensional acoustic field must be solved coupled to the 
equations of motion of the panel, which is two-dimensional of a finite extent. An approximation, 
decoupling the acoustic field from the dynamics of the scatterer, has been recently suggested by 
Kriegsmann and Scandrett [1]. They applied the far field radiation conditions on the surface 
of the scatterer. By considering the limit where the acoustic wave length to the surface wave 
length is small, Miksis and Ting [2] were able to derive systematically the on surface conditions 
in [1] and gave an asymptotic derivation of the result in the time harmonic two-dimensional near 
normal incidence case. Here, we extend the asymptotic analysis of Miksis and Ting [2] to the 
scattering of an acoustic wave from a planar elastic panel in three-dimensional space without any 
assumption on the angle of incidence. We expect the current approximation to be as accurate as 
that  established in [1] and [2], since the on surface condition derived here is based on the same 
assumption, as in the two-dimensional case [2] of small acoustic wave length relative to surface 
wave length. 
Consider the scattering of an acoustic wave by a planar interface, the z x plane. The interface 
is a rigid surface except on the flexible panel,/5. Let its boundary be denoted by C and its interior 
by 7:). We consider the case where the ratio of the acoustic wave length g to the characteristic 
surface scale L is small, i.e., 
= Z << 1. (1) 
Using e as the small expansion parameter, we shall derive systematically an on surface condition 
to second order in e which relates the acoustic pressure on one side of the interface to the surface 
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deformation. Thus, we obtain a closed system of equations for the panel oscillation including 
the second order effect of the acoustic field. We can solve for the panel oscillation first and then 
write down the solutions for the acoustic field in terms of the panel oscillation. 
Let the velocity be scaled by the speed of sound, C, the density by the ambient density, P0, 
and the length by ~. The size of the panel Z) is O(L) = O(~/c). Consider the acoustic field 
induced by an incident wave, ¢(i). The velocity potential O(t, x, y, z) is governed by the simple 
wave equation, 
(02tt-O~z-O2yy-O~z) O=O,  for y>0.  (2) 
Note that ¢(i) is a solution of (2) in the whole space. Let ¢ represent the reflected wave in the 
upper half space with a rigid panel, i.e., ¢( t ,x ,y , z )  = ¢( i ) ( t ,x , -y ,z )  for y > 0. Due to the 
flexibility of the panel D, there is an addition contribution ¢ to the reflected wave. Thus we 
write • = ¢(i) + ¢ + ¢, and note that ¢ is also governed by the simple wave equation (2). The 
kinematic ondition on the interface y = 0 is 
0y¢ = 0t~/(t, x, z), (3) 
where ~?(t, x, z) denotes the vertical displacement of the interface from the xz plane, i.e., ~ = 0 
for (x, z) ~ T). For a clamped panel, we have On~ = 0 and hence c9z71 = 0, and Ozr? = 0 on g, in 
addition to ~? = 0 on C, where On denotes the inward normal derivative on C. If the front of the 
incident wave hits the panel at t = 0, we can impose the homogeneous conditions on ¢ and r/, 
¢=0,  0 t¢=0 and 7=0,  0t~?=0, fo r t<0.  (4) 
The solution of (2) subject o the above conditions is given by the Kirchhoff formula, 
dx, dzp '¢( t ,x ,y  > O,z) = - -~  R (5) 
where R = [(x - x~) 2 + y2 + (z - zP)2] 1/2 denotes the distance from the point P(x ,y  > 0, z) in 
the upper half plane to a source at (x ~, 0, z') created at the retarded time t - R. The domain 
of dependence of ¢(t,x, y, z) is the circular disc ~ in the x'z'  plane, i.e., {~IR _< t} or, r 2 = 
(x' - x) 2 + (z' - z) 2 _< t 2 - y2. The domain of integration in (5), is the intersection of ~ and 
the panel, i.e., ~ -- ~ A ~. The integrand becomes ingular as y and r --~ 0 +. To remove this 
singularity, we introduce the polar coordinates, r 8, centered at (x, z), i.e., x' - x = r cos t~ and 
z' - z = r sin t~ and (5) becomes, 
¢( t ,x ,y  > O,z) = -~-~ dO gt ( t -  R,r ,~) r dr R ' (6) 
with g(t,r, 8) = ~?(t,x + rcos0, z + rsin0) and R = (r 2 + y2)1/2. Using (3) and (4) and letting 
y --* 0 + and R ~ r in (6), we find the iterated integral for the acoustic pressure induced by the 
panel oscillation, 
-¢ t ( t ,x ,O+,z )  = ~ gtt(t - r,r,O)drdt~. (7) 
Due to symmetry, the negative transmitted pressure on y --* 0- is also given by the right hand side 
of (7). With the acoustic load on the panel related to the panel oscillation, the coupled system of 
equations for the acoustic/panel interaction problem is reduced to an integro-differential equation 
for the panel oscillation. In Section 2, we shall reduce the nonlocal integral relationship (7) to a 
local one for the limiting case (1). 
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2. ON SURFACE CONDIT ION 
To make use of (1), we change the spatial variables x, z of the surface deformation r / to  those 
scaled by L, i.e., ~1 = ~(t, ~, 2) with ~ = ex and 5 = ez. In terms of the integration variables 
in (7), we have g(t,r,O) = gl(t, Yc',5') with ~' = 2 + ercos0 and ~' = 5 + ersin0.  We now use 
integration by parts to expand the integral in (7) in powers of e. 
Using (4) and (7), we have at r = t that gt(O,t,O) = 0 and at r = 0 that  gt(t,O,O) = (h(t,~.,2). 
Integrating by parts and using the conditions along y = 0 we arrive at 
i f02~ If2~ot Ct(t,x,O+,z) = -Ot ( t ,~ , : ) -  ~ dOg~(t,O,O)- 2--~ Jo g~r(t-r,r ,O)drdO. (8) 
Note that  as a point crosses over the boundary C along its inward normal, rl~n changes from 0 to 
the limiting value from the interior of/5, therefore, g~ is a step function across C. 
To remove the second term on the right-hand side of (8) and similar terms later in the higher 
order approximations, we note that  
Or-g(t, r, O) =en[~'~Y]ng?(t,2',:'), n = 1 ,2 , . . . ,  (9) 
where ~ • V -- cos 0 0~, + sin 0 0s,. By the method of induction we can express the 0-average of 
the left hand side of (9) at r = 0, I~, in terms of local derivatives of ~. For an odd n = 2m + 1 
and for an even n = 2m respectively, we have 
(2rn) !d '~ - r~- - 
hm+l  = 0 and /2rn -- 25-~ ~. l~!G r l ( t ,x ,2 ) ,  (10) 
where G = c92~ + 0~.  For n = 1, (10) says that the second term on the right-hand side of (8) 
equals zero and (8) becomes 
1Ff grr(t - r, r, O) dr dO. Cdt, x ,0+,z)  = -~dt ,~,~) -  ~,o ~0 (11) 
Since r _< t, the length of the interval(s) of integration in r is less or equal to t, the last term 
in (11) is O(te2), and (11) yields the classical plane wave approximation, Ct = -~t  + O(e2t). 
When we put back the length and time scales, the error is O(e2Ct/g) = O((g/L)(Ct/L)). 
To get a higher order approximation, we differentiate (11) with respect o t, integrate by parts, 
use (9) and (10), and obtain the next order on surface condition, 
~12 ~ 
¢. ( t ,  z, 0 +, z) = -O. ( t ,  ~, z) - -ff A.)(t, ~, ~) 
e2 fos H(t zr* )ds [~.  013/~(t _ r*,eX, eZ) + O(te3), 
271" r* 
(12) 
where r* = r*÷ = (X -x )~+(Z-z )k  and ÷ = kcos0+~s in0 .  Here, X(s) and Z(s) are the 
coordinates of the contour C, s is arc length and the unit tangent vector is "7 = ~X~(s) + fcZ'(s). 
Now we shall show that  for t = O(1) the contribution of the integral along the arc(s) of C to 
the panel oscillation is one order higher. The third term on the right-hand side of (12) will be 
present only for (x, z) in a narrow boundary strip/3 where the distance d(x, z) to C is less or equal 
to t ,  i.e., { /~ l (z , z )• / )andd(x ,z )<t} ,w i thd=min{[ (x -X)  2+(z -Z) ]  2} 0 < s< S. We 
define the subdomain {Q](x,z) • /?  and d(x,z) > t}, in which the third term in (12) is absent, 
i.e., 
£2 - _  
¢~t(t, z, 0+, z) = -~t,(t ,  ~, :) - -ff/x~(t, ~, :) + o(t~3), (z,z) • ~. (13) 
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Since the size of/~ is of the order of t/L = O(c) relative to the size of /5 or Q, we can use (13) 
as the on surface condition on/5 for t = O(1) and expect hat the error of the panel oscillation 
and of the induced acoustic wave ¢ to remain O(te3). 
By applying an on surface condition for the load on the panel, the equation for the panel 
oscillation is uncoupled from the equations of the acoustic field. In order to determine the panel 
oscillation ~? to O(tea), we need to solve (17) coupled with (13) for ¢, only at y = 0 + and (x, z) 
in T). The solution of this system requires much less work than the solution of the panel acoustic 
interaction problem in three-dimensional space. 
3. T IME HARMONIC  ON SURFACE CONDIT ION 
Here, we will follow the calculation of the previous section, but for the time harmonic case. 
In this case, we will determine the surface deformation by a systematic asymptotic analysis. In 
dimensionless units, we will assume that all dependent variables depend on time as exp( - i t )  
(our unit of length is the inverse wave number). The scattered wave ¢(x, y, z) will now fulfill the 
Helmholtz equation, plus the far field radiation condition and the boundary condition including 
the conditions on y -- 0 with 0t replaced by - i .  The scattered wave can be written as 
¢(x, y > 0, z) = ~ oo oo ~(x', z') --~ dx' dz', (14) 
where R = [(x - xt) 2 + y2 + (z - z')2] 1/2. Suppose that the slowly varying assumption holds (this 
needs to be justified), then using the previous coordinate change we find that (14) becomes 
[2~ [~g(r ,O)e ~" ~-- (15) 
¢(x ,y ,z )=~so so R drde' 
with R 2 -- r 2 + y2. Now integrating by parts, letting y tend to 0 + and then integrating by parts 
twice again and using (10) we can find that 
~2_ _ _ ~2 ~27r 
¢(x,O+,z) = -~(Yc,5) + ~A~(x ,z ) -  -~ [~.~]2~(eX, eZ)ei~*d~ + O(e3). (16) 
Here, we define r* = r*(0) as the distance from (x,y) to the boundary C in the t~ direction. 
Consider first the case of near normal incidence of a time harmonic wave on the panel. Following 
the scalings in Miksis and Ting [2], the dimensionless normal stress equation along the fluid 
interface/)  is given by 
/k2~ -- ~27] -- 2~2~/¢t = - -2~2~p (i) (x, 0, z). (17) 
Here, we introduce ~ = eC1/Cm as the ratio of the speed of sound, C1, to the surface wave speed, 
Cm = V/G-/aL 2 times e, 7 is gPl divided by the panel area density a, Pl is the fluid density and 
G is the flexural rigidity of the panel. The pressure of the incident wave, p(i), can be related to 
the incident wave ¢(i) by the relationship, p(i) = _¢~i)and in (17) we have accounted for the 
transmitted wave in the region y < 0. Now assuming a time harmonic incident wave e - it  and 
using (1), we can introduce ~ = e2~ and rewrite (17) as 
/~277 _ (~4~2~ _}_ 2i£4~2../(~ -- _2C4~2~/p(i)(x,O, Z) = -2ea~,exp  ( ixcosa l  + iz cosa3).  (18) 
Here, we have written the incident wave as p(i) (x, y, z) = exp (ix cos C~l + iy cos a2 + iz cos (~3) 
where (cosal ,  cosa2, cosa3) are the direction cosines for the normal to the incident wave front. 
Note that for a nearly normal incident wave, we can assume that both cos a l  and cos a3 are 
order c. Hence, introduce cx = cosc~l/e = O(1) and cz = cosa3/e = O(1). Following Miksis and 
Ting [2], we will use the method of multiple scales in order to derive an on surface condition for 
the deformation of the interface. 
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Introduce the long space scales ~ = ex and 5 = ez and look for solutions (16) and (18) as 
functions of x, :~, z and 5, i.e., 7 = 7(x,~,z,5). Replacing o by o + ~ and similarly for the 
z derivative in (18) we find that, 
+4e3(V. 7)[k7+e4[A27- 7÷2i '7¢+2 27exp(i cx+iScz)] =0. 
(19) 
We will assume that the average value of the dependent variables over the fast scales, i.e., x and z, 
are bounded. The average is defined as 
(f(x,.~,z, 5)} = lim 1 / /D f(x,~,z,5)dxdz, (20) 
K-,oo ~ (~/~,~/~) 
where D(x, y) is a disk of radius K centered at (x, y) with area A. Hence, the average is only a 
function of the slow variables ~, 5. 
Look for a solution of (19) as a perturbation series in e, i.e., 7 = 70 + e71 + £2~]2 q- " ' ' ,  
substitute into (19) and equate powers of e to find at leading order/k270 = 0. The only solution 
with bounded averages are constants. Hence, we must have that 70 depends only on the slow 
scale, i.e., 70 = 70(~,5). In a similar manner, we find that 7i = 7i(~,5), for i = 1,2,3. The 
order e 4 equation is 
/k274 + [ f \270-  ~70-  2i~3'70 + 2~'~exp (i~cx + iSCz)] = O. (21) 
Averaging (21) implies that 74 = 74( ~, 5), and also for a bounded average to exist we must have 
/~270 - ~70 - 2i~770 + 2~2~ exp (i~cx + iScz) = O. (22) 
We note that the slowly varying assumption used in the derivation of (16) is now valid to order 
e4 for 7. The order e 5 equation gives that 75 depends only on ~ and 2 and that 71 = 0 while the 
order e 6 equation gives us 
[ // ] 1 [~-. O]2[~Oo(eX, eZ)e~"'dO (23) A% + - 72 - 2i(  72] = - 
using (16). Taking an average of (23) and noting that only the argument of the exponential in the 
integrand on the right hand side depends on the fast scale, we get the compatibility condition, 
[5272 - - = (24) 
Now an equation giving the behavior of 7 to order e 2 can be derived by multiplying (24) by e 2 
and adding the result to (22). The result is 
/\27 - (27 - 2i~3'7 + ie23~2/~7 = -2~2V exp (i~:cx + iSCz). (25) 
This equation should be solved with the boundary conditions of 7 --- 0, and 0n7 -- 0, where On 
is the normal derivative along the boundary C. We note that the approximation of the acoustic 
load by the leading order term used in (22) is sometimes called the Plane Wave Approximation 
(PWA). Comparing (22) with (25), we see that the higher order approximation has modified the 
PWA by adding the term proportional to e2/~7. Since both (22) and (25) are biharmonic, the 
work involved in their solution is of the same order, but (25) gives more accurate results. In 
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terms on the variables x and z, equation (25) becomes 
A2~] _ ~2~] _ 2i~277] + i~2~]  _- _2~27 exp ( ix cos o~1 -[- i z  cos or3). (26) 
Once U is determined, (14) can be used to find ¢ in all of space. 
Suppose that  we are away from normal incidence; assuming that  ~ << 1, we have that  the 
governing equation is (18) again. Clearly away from the boundaries, we have a regular pertur- 
bation problem. Because of the assumption on ~, there is no resonance. The resonance case is 
contained in the analysis of the previous section. Hence, again looking for a solution as a regular 
perturbation series in e, but now having ~] depend only on x and z, we find that ~]i = 0 for 
i -- 0, 1, 2, 3. The first nonzero contribution is given by 
/k2~]4 ---- -2~7 exp ( ix cos a l  -b i z  cos a3) .  (27) 
Since 74 is the first nonzero contribution to ~], we impose the boundary condition 774 -- 0 and 
0n~4 = 0. We can replace 7]4 in (27) by 7], and then (27) gives the leading order contribution 
to the panel oscillation. Comparing equation (27) with equation (25), we see that  to order e 4, 
equation (25) recovers equation (17) in the non-normal incident case. Hence, (26) can be con- 
sidered as a uniform result for all incident angles under the small wave speed ratio assumption. 
The resonance cases are included in this uniform equation. Once (26) is solved for ~, then the 
scattered field can be determined by (14). 
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